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To prevent the chance of unintended environmental harm, engineering decisions need to consider an expanded boundary
that captures all relevant connected systems. Comprehensive models for sustainable engineering may be developed by
combining models at multiple scales. Models at the finest “equipment” scale are engineering models based on funda-
mental knowledge. At the intermediate “value chain” scale, empirical models represent average production technolo-
gies, and at the coarsest “economy” scale, models represent monetary and environmental exchanges for industrial
sectors in a national or global economy. However, existing methods for sustainable engineering design ignore the econ-
omy scale, while existing methods for life cycle assessment do not consider the equipment scale. This work proposes an
integrated, multiscale modeling framework for connecting models from process to planet and using them for sustainable
engineering applications. The proposed framework is demonstrated with a toy problem, and potential applications of the
framework including current and future work are discussed. VC 2015 American Institute of Chemical Engineers AIChE J,

61: 3332–3352, 2015
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Introduction

History is replete with examples of technologies that were

developed and adopted with the intention of enhancing human

well-being but, while meeting this goal, caused unintended

and unexpected damage to the environment. Prominent exam-

ples include formation of the ozone hole due to the use of

chlorofluorocarbons, climate change due to reliance on fossil

fuels, and aquatic dead zones due to use of artificial fertilizers.

This harm to ecosystem services—the basic life support for

humanity—can make human activity unsustainable. The

underlying causes for these negative impacts include the nar-

row boundary of traditional engineering that ignores the

broader life cycle environmental implications of engineering

decisions, and the practice of ignoring the role of ecosystems

in enabling engineering activities.1

Life cycle assessment (LCA)2,3 and related footprint meth-

ods4,5 developed over the last two decades have become popu-

lar for considering the broader impacts of engineering

activities. These methods consider activities from “cradle to

grave” so that environmental impacts across the entire larger

system may be assessed. Decisions based on such analyses are

less likely to shift the impact outside the narrow boundary of

engineering models and analysis. Cradle-to-grave methods,

and LCA in particular, have been used to incorporate sustain-

ability considerations into virtually all engineering fields,

including product design, process design, supply chain design,

planning and logistics, and economic and policy analysis.6–9

Such methods quantify environmental impacts and incorporate
them into the decision-making process, in addition to the more
traditional technological and economic criteria such as profit-
ability, safety, and reliability.

Methods for sustainable process and supply chain design
use life cycle assessment to quantify environmental interven-
tions, including pollutant production and natural resource con-
sumption, attributable to the system being designed. Life cycle
implications of the system are determined based on environ-
mental interventions data for the production and distribution
of all inputs to the designed system. The design problem is
typically formulated as an optimization with at least two
objective functions, one economic and one environmental.10,11

Usually, the economic objective function is quantified with
profit or net present value (NPV) of the system of interest, and
the environmental objective function is quantified by an aggre-
gated indicator such as global warming potential12,13 or Eco-
Indicator 9914,15 based on the system of interest and its life
cycle.

Most sustainable engineering methods follow a “bottom up”
approach in that they model the system of interest in detail at
the smallest relevant scale, using fundamental engineering
models or plant- or product-specific data. The larger scale life
cycle is modeled in less detail using empirical data that repre-
sents regionally average production technology. Such
approaches are an appealing way of expanding traditional
engineering design methods to incorporate life cycle consider-
ations in engineering decisions, and have been applied to prod-
uct design,16,17 process optimization,18 and supply chain
design.19 However, this approach suffers from some serious
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shortcomings. Using life cycle models from inventory data-
bases requires defining a system boundary, generally by
choosing which parts of the life cycle are considered to be
most important. This process LCA method accounts for a rela-
tively small proportion of the complete life cycle.20 Because a
large portion of the life cycle is neglected, any design deci-
sions based on inventories used in process LCA are based on
incomplete life cycle information and may, therefore, be sub-
optimal. In particular, the narrow process LCA system bound-
ary allows environmental impacts to be shifted to processes
outside the life cycle. As a result, impacts within the system
boundary decrease but impacts generated outside the boundary
may not change at all or may even increase.21 In order to
ensure correct, optimal design decisions and to avoid causing
unintended harm, the full life cycle must be accounted for in
the sustainable design problem. However, process LCA
requires that each life cycle process and each connection
between processes be modeled individually. Expanding the
life cycle boundary is thus impractical and computationally
intractable for moderately large life cycle networks, as the
number of connections in any life cycle network is essentially
infinite.22

In addition to the narrow life cycle boundary, the life cycle

itself is modeled with fixed vectors of inputs and outputs that

are scaled linearly.23,24 Environmental interventions generated

within the life cycle are modeled with constant emissions fac-

tors,7,8,25 the values of which are assumed to be independent

of the life cycle structure and of the system being designed.

The life cycle model thus fails to capture effects of interac-

tions between the life cycle and system of interest.
These challenges of using bottom up models also apply to

most LCA and footprint studies. In LCA, “top down” methods

have also been developed to analyze large systems at the

regional, national, and global scales. Top down analyses rely

on coarse, simplified models derived from highly aggregated

empirical data. Environmentally extended input–output

(EEIO) analysis is one example of a top down method,26–28

and has been applied to sustainability studies up to the global

scale.29 Computable general equilibrium and partial equilib-

rium models30,31 are other top down methods applied to mac-

roscale sustainability analyses. Although top down models are

comprehensive, particularly compared to process LCA, they

lack detail at smaller scales.
LCA researchers have developed methods for integrating

process LCA with EEIO models to result in hybrid LCA mod-

els.32 These methods combine models of key life cycle proc-

esses with a narrow reach (value chain scale), with data from

input–output models that are coarse and highly aggregated but

with a broad reach (economy scale).33–37 To date, sustainabil-

ity studies using hybrid life cycle methods38–40 have focused

solely on analysis; there have been no applications of hybrid

methods to sustainable design problems.
Life cycle studies and methods rely on empirical data from

process and input–output LCA databases, and do not benefit

from the availability of fundamental models of individual

processes and equipment. Consequently, life cycle models,

be they process model-based, input–output model-based, or

hybrid, treat the constituent processes as fixed and linearly

scalable. In practice, industrial processes are influenced by

factors such as market conditions and corporate objectives,

and benefit from economies of scale. In engineering design

and analysis, such changes are captured using fundamental

process models, but these benefits currently do not extend to

life cycle methods. Conversely, the ability of LCA to con-
sider scales all the way from the value chain to the planet
does not extend to sustainable design. Characteristics of the
models used in each of these methods are summarized in
Figure 1.

This work develops a multiscale “process to planet” (P2P)
modeling framework that integrates engineering models,
standard life cycle models, and EEIO models to capture sys-
tems at multiple spatial scales. The P2P modeling framework
connects detailed fundamental models of individual processes
and unit operations at the “equipment” scale with linear,
empirical models of averaged life cycle processes at the “value
chain” scale and input–output models of the regional, national,
or global economic system at the “economy” scale. Current
hybrid LCA methods connect models at the value chain and
economy scales, and the P2P framework expands the reach of
these methods to fundamental models at smaller scales. The
resulting model is both detailed and comprehensive, and can
be used to capture the effects of small-scale decisions on a
large-scale system and vice versa: the P2P framework thus
combines the advantages of bottom up and top down methods
while addressing the shortcomings of both. The framework is
also highly versatile and can be used within an optimization
formulation to solve virtually any sustainable engineering
problem, from process design to multiperiod supply chain
planning.41 The flexibility of the P2P framework also enables
design problems to be solved at scales larger than conven-
tional sustainable process and supply chain design; for
instance, design variables can be included at the value chain
scale for the simultaneous design of a life cycle network and
individual plants within the network. In a similar manner,
design variables at the economy scale can be used to capture
the effects of tax and other policies on the entire system,
allowing policies to be designed according to the effect they
have at smaller scales.

First, background is given on input-output models, EEIO
analysis and life cycle assessment methodologies. The P2P
modeling framework is then developed and demonstrated with
a toy production system. The article concludes with a discus-
sion of potential applications of the framework, including cur-
rent and future work.

Background

This section gives a brief introduction to input–output anal-
ysis and life cycle assessment, two types of models that are
incorporated into the P2P framework beginning in the next
section. As each model is introduced, the reader is referred to
the relevant portions of the section demonstrating the P2P
framework with a toy system for basic examples of the model
setup and application, including the data required and neces-
sary calculations.

For the remainder of the article, the following notation will
be used to distinguish between different types of models. An
overbar �X indicates models and variables at the economy
scale, and an underbar X indicates models and variables at the
value chain scale. Uppercase boldface quantities indicate mat-
rices, and lowercase boldface quantities indicate vectors. Non-
boldface quantities of both upper and lowercase indicate
scalars which may be functions, variables, or constants. Sub-
scripts are used to indicate matrix elements, matrix columns,
vector elements, and sets of variables. Table 6 contains defini-
tions of the various symbols and annotations used in this and
subsequent sections.
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Input–output analysis

Input–output models represent interdependencies within a
large-scale economic system at a highly aggregated
level.42,43 An economic input–output (EIO) model is
derived from a transactions matrix X, a vector or matrix of
value added v, and a vector of final demand f . The transac-
tions matrix contains commodity exchanges measured in
monetary units between economic sectors for a specific
time period, usually 1 year. Value added are inputs to pro-
duction that are not produced by a sector within the eco-
nomic system, such as labor. Final demand consists of
commodities that are sold to purchasers that are not con-
suming sectors. A transactions matrix, value added and final
demand for a two-sector economic system are given in
Table 1.

A typical economic sector is highly aggregated, consisting
of many processes and production technologies that produce
similar products. The EIO model is much coarser than a typi-
cal life cycle model and represents sectors within a regional,
national, or global economic system.

From the information in Table 1, the direct requirements
matrix A is calculated by normalizing the columns of X by the
total output x of each sector, as follows44

A ¼ Xx̂
21

(1)

The elements of A are technical coefficients. �aij repre-
sents the amount of commodity input in dollars required
from the ith producing sector per dollar output of the jth
consuming sector. A fundamental assumption of input–out-
put analysis is that the technical coefficients are fixed. This
implies that (1) the amount of each commodity input
required by a sector is directly proportional to the amount
of output produced by that sector and (2) sectors consume
commodities in constant proportions regardless of the
amount of output being produced.

The total output of each sector is equal to the commod-
ities consumed by other sectors within the economy, Ax,
plus the commodities sold as final demand, f . This relation-

ship is an economy-wide balance on monetary flows,
expressed as

x ¼ Ax1f (2)

which is solved for x by rearranging as follows

x ¼ I2A
� �21

f (3)

Figure 1. Methods, models, and characteristics.

Figure 2. Hybrid life cycle assessment combines
coarse, highly aggregated models (rectan-
gles) with more specific models of key life
cycle processes (dark circles).

The coarser models capture contributions from life

cycle processes not included in process LCA (light

circles). [Color figure can be viewed in the online issue,

which is available at wileyonlinelibrary.com.]
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The matrix I2A
� �21

is the total requirements matrix or the
Leontief inverse.

Input-output data can also be represented in make and
use matrices. Unlike the transactions matrix of Table 1,
make and use matrices distinguish between sector inputs
and outputs. The use matrix U describes the consumption
of commodities by sectors and has dimensions of I 3 J,
where I is the number of commodities and J the number of
sectors. The make matrix V describes the production of
commodities by sectors and has dimensions of J 3 I. When
I 5 J, the use matrix is equivalent to the transactions matrix
and the make matrix is equivalent to the diagonalized total
outputs vector x̂ .44

The direct and total requirements matrices can be derived
from U and V, but the reverse is not true. U and V separate the
flows given in the transactions matrix into inputs, represented
in the use matrix, and outputs, represented in the make matrix.
Data for U and V must be obtained separately from the transac-
tions data; in general, where data for a transactions matrix is
available, make and use matrix data will also be available.

In the EIO model in Eq. 3, flows from sectors i to j are
assumed to consist of sector i’s primary commodity product.
This model, known as the industry–industry approach, does
not account for sectors that produce more than one commod-
ity. Sectors in the system may produce multiple commodities,
but that information is not captured in the transactions matrix
or in the requirements matrices. The make-use approach, also
known as the commodity–industry approach, offers greater
flexibility when dealing with secondary production.

When secondary production exists in the economic system,
the industry–industry and commodity–industry approaches are
not equivalent. In contrast to the single direct requirements
matrix A of the industry–industry approach, under the com-
modity–industry approach, there are several direct require-
ments matrices that can be derived from U and V. These
direct requirements matrices differ in their dimensions, which
can be either I 3 I or J 3 I, and in the technology assumption
used in the derivation. There are two technology assumptions
that make statements about the basic structure of the economy.
The commodity–technology assumption states that a commod-
ity is always produced from the same combination of com-
modity inputs regardless of the sector that produces it. In
contrast, the industry–technology assumption states that all
commodity outputs from a sector are produced from the same
combination of commodity inputs regardless of the commod-
ity type.44

The P2P modeling framework requires a commodity–com-
modity direct requirements matrix, but does not require one
technology assumption over the other.35 Although neither of
the technology assumptions hold for a real economic system,
it is our opinion that the commodity–technology assumption is

slightly more realistic and is, therefore, better suited to design

applications. For these reasons, only the commodity–commodity

direct requirements matrix under the commodity–technology

assumption is derived here.
The commodity–technology assumption defines a relation-

ship between U and V, that is used to derive the total require-

ments matrix. Consider the matrix Ux̂
21

, the columns of

which give the mix of commodity inputs to each sector per

dollar sector output. The mix of commodity outputs produced

by each sector are given by the columns of V
T
x̂

21
. Let Ac be

the commodity–commodity direct requirements matrix under

the commodity–technology assumption. The jth column of Ac

gives the combination of commodity inputs required to pro-

duce a dollar’s worth of commodity j. Under the commodity–

technology assumption, the jth column of Ux̂
21

is equal to a

linear combination of the columns of Ac, weighted by the ele-

ments in the jth column of V
T
x̂

21
. In other words, the mix of

commodity inputs consumed by sector j are equal to a linear

combination of the different mixes of commodities required to

produce each of sector j’s commodity outputs. In this linear

combination, the weights of each commodity mix are the pro-

portion of sector j’s output that consists of a particular com-

modity. This relationship is expressed as

Ux̂
21 ¼ AcV

T
x̂

21
(4)

and is solved to yield the commodity–commodity direct

requirements matrix as follows

Ac ¼ U V
T

� �21

(5)

Because we previously assumed that the number of sectors

and the number of commodities are equal, Ac has the same

dimensions as the industry–industry direct requirements

matrix A. However, the elements of Ac are in general not

equal to the elements of A. Throughout the rest of the article,

the direct requirements matrix referred to will be the commod-

ity–commodity model derived from make and use matrices

using Eq. 5.

EEIO models

EEIO models combine an EIO model with data on emis-

sions or resource use in each sector to calculate the environ-

mental interventions generated by the economic activity

required to produce f .26,27 This data is given in the environ-

mental interventions matrix B, also shown in Table 1, as inter-

vention amount in physical units by sector per dollar of

output. The inventory vector of economy-wide interventions g

caused by producing f is calculated by postmultiplying B with

the vector of sector outputs x

Table 1. Transactions, Value Added, Final Demand, and Environmental Interventions for a Two-Sector Economic System

Consuming Sectors ($)

Producing Sectors ($) Sector 1 Sector 2 Final Demand ($) Total Output ($)

Sector 1 �x11 �x12
�f 1 �x1 ¼ �x111�x121�f 1

Sector 2 �x21 �x22
�f 2 �x2 ¼ �x211�x221�f 2

Value Added ($) �v1 �v2

Total Input ($) �x15�v11�x111�x21 �x25�v21�x121�x22

Environmental �b11
�b12

Interventions � �
�br1

�br1
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g ¼ Bx (6)

which can also be written as

g ¼ B I2A
� �21

f (7)

using Eq. 3 to expand x. With the assumption of fixed �aij and
�brj, the total economic activity x and total environmental inter-
ventions g required to produce the final demand f can be cal-
culated for an arbitrary f . Equations 46 – 53 contain the data
and calculations, involved in the derivation and application of
an EEIO model.

Process life cycle assessment

Life cycle assessment is a systematic method intended to
account for all material and energy inputs required throughout
a product or service’s production, use and end of life, as well
as all associated environmental impacts. A life cycle is defined
with respect to the functional unit, a measure of the function
provided by a product or service that serves as a basis for com-
parison between life cycles. A typical life cycle includes the
process that directly produces the functional unit as well as
upstream and downstream processing stages, the use stage,
and end of life activities such as disposal and materials
recycling.45,46

There are three common LCA methodologies: process-
based, input–output, and hybrid. These methodologies differ
primarily in the level of aggregation of the life cycle inventory
and in the scope of the system boundary, as shown in
Figure 1.47

Process-based LCA is the life cycle method of choice for
most applications, including virtually all sustainable engineer-
ing applications. Many common LCA tools, including
SimaPro, openLCA, and the Greenhouse Gases, Regulated
Emissions, and Energy Use in Transportation fuel cycle
model, rely on this method.48–50 The inventory for a process
LCA is assembled one process at a time until including more
processes is determined to have a negligible effect on the
inventory.51 Exactly where to draw the system boundary is a
subjective decision made based on the purpose of the life cycle
study and on the accuracy required of the results. Systematic
methods of drawing the system boundary have been devel-
oped, but even among similar functional units, similar system
boundaries do not guarantee the same accuracy in results.52,53

The network of processes in a process-based inventory is
represented with a K 3 L technology matrix X, in which each
column represents a process in the life cycle and each row rep-
resents the production and consumption of one product. Col-
umn l of X is a model of life cycle process l, assumed to be
linearly scalable and derived from empirical data obtained
from a life cycle inventory database54,55 or from literature
sources. Each element xkl is the amount of product k produced
or consumed by process l. Consumption of a product is indi-
cated by a negative element and production is indicated by a
positive element. If process l neither produces nor consumes
product k then xkl is zero. X can be divided into a K 3 L make
matrix V and a L3K use matrix U, similarly to the economy
scale make and use matrices V and U, such that the following
equation holds

X ¼ VT2U (8)

A process-based inventory also includes data on exchanges
between the life cycle processes and the environment, repre-
sented by an R 3 L environmental interventions matrix B.

Column l of B contains data on R flows between the environ-

ment and process l; such flows include natural resources con-

sumed and pollutants produced. As in X, consumption is

indicated by a negative element and production by a positive

element.
One of the objectives of life cycle assessment is to calculate

the total environmental interventions generated by a life cycle

as a consequence of producing the functional unit f . Assuming

that X is both square and invertible, the inventory vector g for

a process-based inventory is calculated as follows56

g ¼ BX21 f (9)

Equations 54 – 58 demonstrate the application of Eq. 9.

Input–output and hybrid life cycle assessment

Another application of EEIO models is input–output model-

based LCA (IO-LCA).57 Unlike process LCA, in which the

life cycle is built process by process, IO-LCA includes the

entire economy in the life cycle boundary. IO-LCA is, there-

fore, more comprehensive than process LCA but can also be

less precise due to the coarseness of the EEIO model. IO-LCA

also generally neglects the use and end of life stages in the life

cycle, as such activities tend to be outside the scope of EEIO

models. To calculate the IO-LCA inventory vector, the final

demand vector is specified to be the functional unit of the IO-

LCA study and Eq. 7 is applied.
Hybrid LCA methods capture processes and inputs

neglected in process-based LCA by combining detailed data

for key life cycle processes with an EEIO model that captures

the macroeconomic system within which the processes oper-

ate.58 A hybrid inventory, therefore, combines the level of

detail and specificity of a process based inventory with the

completeness of an economy scale system boundary. Hybrid

LCA also allows for inclusion of both the use and end of life

stages through use of the process based LCA data. Equations

62 – 66 demonstrate two forms of hybrid LCA, tiered hybrid

and integrated hybrid.

P2P Modeling Framework

The P2P modeling framework represents a life cycle with

components at three distinct scales: equipment, value chain,

and economy. Conventional models and modeling techniques

have been developed at all three scales. The P2P approach

integrates these separate models into a single cohesive multi-

scale model representing a national or planetary system that

can encompass production, use and end-of-life stages.
At the equipment scale, the smallest scale, system compo-

nents are individual industrial processes, such as a chemical

plant or a factory. Traditional process, product, and supply

chain design takes place at this scale using models that are

completely disaggregated and highly specific to the process,

product, or supply chain being considered. The more detailed

equipment scale models are derived from fundamental knowl-

edge of unit operations and involve design variables at this

unit operation level.
The largest scale in the framework is the economy scale, at

which input–output and EEIO analysis takes place. System

components at this scale are industrial sectors, aggregates of

many production technologies, within a macroeconomic sys-

tem. Mining, grain farming, and power generation are exam-

ples of economic sectors. National economy scale models are

available from tools such as EIO-LCA57 and Eco-LCA59 as
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well as from governmental sources for some countries.60 Plan-
etary scale economy models have also been developed that use

multiregional input–output (MRIO) models to represent the
global economy.61,62

In between the economy and equipment scales is the value
chain scale. Value chain scale models represent an activity, an

aggregate of several processes of a particular type such as pas-
senger vehicle manufacturing. An averaged production tech-
nology, such as those modeled in process LCA, is one

example of a value chain activity. Activity models are thus
more aggregated than equipment scale models in that they do
not represent specific plants, but are less aggregated than econ-

omy scale models. The exact scale of value chain activity
models is variable but generally corresponds to a geographic
area smaller than that represented by an economy scale model.

In the United States, an activity model can represent average
technology within one or several states; in smaller countries,

an activity model can represent average technology for one or
several countries. Activity models are empirical, assumed to
be linearly scalable, and are obtained from life cycle inventory

databases such as ecoinvent54 and the US NREL database.55

The combination of the value chain and equipment scales rep-
resents the usual scope for conventional sustainable process

design problems.
For the remainder of the article, the overbar notation will

continue to indicate models and variables at the economy
scale, and the underbar notation will continue to indicate value

chain scale models. No bars on a quantity indicates the equip-
ment scale. A combined over- and underbar, X, is used to indi-
cate the complete P2P system. A superscript star * denotes a

component model that has been disaggregated. Other sub-
scripts and superscripts used in the notation will be defined as

they occur. Table 6 contains a list of terms along with their
definitions and first appearance in the article.

An illustrative P2P system is shown in Figure 3. System
components are sectors (�S1, �S2, and �S3) modeled at the econ-

omy scale, activities (S4 and S5) at the value chain scale and
processes (S6) at the equipment scale. In Figure 3, S6 repre-
sents a single production facility, but in general equipment

scale models may represent single processes, a supply chain,
or other types of industrial systems. Product flows (solid
arrows) exist within system components at each scale and

between components at different scales. Flows are usually in
physical units at the equipment scale and in monetary units at
the economy scale. Value chain scale flows may be in either

monetary or physical units, although physical units are more
common. Flows originating at the economy scale consist of

commodities, which are aggregates of many products. At the
value chain scale, products are more distinct but still represent
aggregates of similar products produced by several distinct

production technologies. Equipment scale flows consist of
individual products from specific processes. Flows are con-
verted from one scale to another, using information on the

aggregation of products into value chain products and com-
modities as well as price data for value chain products and
individual products. In addition to interactions between tech-

nological components, the system in Figure 3 involves the
interaction of each component with the environment (dotted
arrows), which consist of emissions produced and resources

consumed, among other quantities. The units for environmen-
tal interventions vary based on the type of intervention, but are
consistent for all three scales. The remainder of this section

details the types of models that are used at different scales and

how these models are integrated to form a cohesive modeling
framework.

System component models

In Figure 3, all of the system components save S6, the
equipment scale component, are shown as filled circles with
no internal structure. This representation indicates the dif-
ferent types of models being used: the activities and sectors
are modeled linearly, with inputs and outputs related by
fixed proportions that are derived from empirical data. Each
sector and activity model is a vector of inputs and outputs,
xj* and xl respectively. xj and xl are the columns of matri-
ces X and X

X ¼ x1jx2j � � � jxJ½ � (10)

X ¼ x1jx2j � � � jxL½ � (11)

Each row of these matrices represents production of a
particular commodity or product and each column con-
sists of one sector or activity model. The direct require-
ments matrix A and Leontief inverse are derived from X,
the transactions matrix, as discussed in the Input–Output
Analysis section of the Background. X, the value chain
technology matrix, contains product flows in physical units
and is called the value chain technology matrix from the
process LCA technology matrix discussed in Process Life
Cycle Assessment section.

Environmental interventions for both scales are specified as
vectors of exchanges with the environment. bj contains inter-
ventions in physical units per dollar of output from sector j,
while bl contains interventions per the level of production
specified in xl. bj and bl are collected into interventions matri-
ces B and B

B ¼ b1jb2j � � � jbJ

� �
(12)

B ¼ b1jb2j � � � jbL½ � (13)

As the sector, activity, and process models will be inte-
grated into a single framework, homogeneity between models
at different scales is a necessity. Both the economy and value
chain scales are represented with an input–output-type model,
thus it is necessary that the equipment scale is represented
with a similar model.

The equipment scale model for process n consists of a set of
fundamental technology or unit operation models hnðznÞ that
are usually nonlinear. The set of models hnðznÞ is unique to
process n, as are the variables zn. hnðznÞ describe the inner
workings of process n: how inputs are transformed into out-
puts, how the proportions between different inputs and
between different outputs are affected by design variables, and
so on. The information that is needed to connect equipment
scale models to the economy and value chain scale is simply
process input and output amounts and types—information that
is already within the models, but in a form not compatible
with the input–output framework used at the larger scales. The
incompatibility is resolved by duplicating information from
the process models in an input–output vector xnðznÞ, which is
exactly analogous to those used to model value chain activ-
ities. Figure 4 demonstrates this for a process with five design

*Not to be confused with x, the vector of total sector outputs used to derive the direct
requirements matrix, which does not have a subscript
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variables, in which zn ¼ zn1; zn2; zn3; zn4; zn5½ �. For process n in
Figure 4, the input–output vector xnðznÞ is

xnðznÞ ¼

2xn1ðznÞ

2xn2ðznÞ

1xn3ðznÞ

1xn4ðznÞ

2666664

3777775 (14)

and the associated fundamental models, which constrain zn to
feasible values, are

hn1 zn1; zn2ð Þ � 0

hn2 zn3ð Þ � 0

hn3 zn4; zn5ð Þ � 0

hn4 zn3; zn4ð Þ � 0

(15)

xnðznÞ differs from xl in that the elements of xnðznÞ are vari-
able and dependent on the values of process n’s design varia-
bles zn. No information is lost in using this vector notation, as
the fundamental models hnðznÞ are still associated with the
process. They are specified externally to the input–output vec-
tor that connects the equipment scale to the other scales of the
modeling framework and form a set of constraints on the unit
operation variables. The equipment scale model then consists
of the equipment scale technology matrix XðfzgÞ, in which
any or all of the elements may be functions, and a set of funda-
mental models for each process, as follows

XðfzgÞ ¼ x1ðz1Þ � � � xNðzNÞ½ �

HðfzgÞ � 0
(16)

HðfzgÞ denotes the entire set of fundamental models:

HðfzgÞ ¼ h1 z1ð Þ; . . . ;hN zNð Þf g. fzg denotes the entire set of

unit operation variables for all N equipment scale processes:

fzg ¼ z1; . . . ; zNf g.
The environmental intervention matrix for the equipment

scale is likewise dependent on the unit operation variables zf g
BðfzgÞ ¼ b1ðz1Þ � � � bNðzNÞ½ � (17)

Interactions between scales

Thus far the component models have described only

exchanges between system components at the same scale.

Exchanges between components at different scales are cap-

tured in upstream and downstream cutoff matrices. Through-

out this discussion and the rest of the article, the descriptors

“upstream” and “downstream” are always used with respect to

the smaller of the two scales involved in a particular exchange.

For instance, commodities produced at the economy scale and

consumed at the value chain scale are referred to as value

chain upstream cutoff flows. Similarly, products produced at

the equipment scale and consumed at the value chain scale are

referred to as equipment-value chain downstream cutoff flows.
The value chain’s upstream cutoff flows are inputs to value

chain activities that are produced by economic sectors. Data

on value chain upstream cutoffs are obtained from the same

sources as exchanges within the value chain, and are generally

in physical units. Cutoff flows are converted to monetary units

using market price data and are scaled to the destination activ-

ity’s level of production. Upstream cutoffs are only different

from other inputs to the value chain activity in that their pro-

duction is modeled at the larger economy scale rather than at

the value chain scale. In other words, the production of any

given input to a value chain activity can be modeled at either

the value chain or the economy scale. Choosing to model

some inputs as value chain upstream cutoffs means that activ-

ity models for the production of these inputs do not need to be

included in the value chain, thus reducing the data required to

Figure 3. The framework represents large integrated
process systems that involve components at
the local equipment scale (S6), intermediate
value chain scale (S4 and S5), and national or
planetary economy scale ( �S1, �S2, and �S3).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 4. Process model n consists of a set of funda-
mental unit operation models hn involving
design variables zn.

Inputs and outputs of process n are written as functions

of zn, xnðznÞ. zn are constrained to feasible values by

hnðznÞ. [Color figure can be viewed in the online issue,

which is available at wileyonlinelibrary.com.]
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build the P2P model. The value chain upstream cutoff matrix

Xu has L columns, one for each value chain activity, and I
rows, one for each economic commodity. Figure 5 shows Xu

in the context of the entire P2P system.
Downstream cutoff flows for the value chain scale are activ-

ity outputs that are consumed by economic sectors. These cut-

off flows are typically useful by-products of value chain

activities; including such flows in the modeling framework

captures the effect of displacing a substitutable product by the

by-product. In contrast to upstream cutoffs, downstream cut-

offs are specified in physical units. Flows in the downstream

cutoff matrix are normalized by the total monetary output of

the destination sector (found in the total output vector x of

input–output analysis) before being incorporated into the P2P

model. This normalized value chain downstream cutoff matrix

is denoted Ad. However, when the downstream cutoff matrix is

used in the disaggregation calculations of Model disaggrega-

tion, it is not normalized and is denoted Xd. The relevant flow

in Figure 5 is thus labeled as both Xd and Ad. Both value chain

downstream cutoff matrices have J columns, one for each eco-

nomic sector, and K rows, one for each value chain product.
Equipment scale cutoff matrices are analogous, although a

superscript E or V is added to indicate whether the cutoff flows

connect to the economy or the value chain scale. Any or all of

the equipment scale cutoff flows may be functions of design

variables. The equipment-economy upstream cutoff matrix XE
u

ðfzgÞ contains flows in monetary units and has N columns,

one for each process at the equipment scale, and I rows, one

for each economic commodity. The equipment-value chain

upstream cutoff matrix XV
u ðfzgÞ contains flows in physical

units, assuming that the value chain models are also in physi-

cal units, and has N columns and K rows, one for each value

chain product. Both equipment scale downstream cutoff matri-

ces have M rows, one for each equipment scale product. The

equipment-economy downstream cutoff matrix has J columns

and the equipment-value chain downstream cutoff matrix has

L columns. The elements of AE
d ðfzgÞ, like Ad, are normalized

by the total output of each destination sector; the equipment-
economy downstream cutoff matrix used in disaggregation,
XE

d ðfzgÞ, is not normalized just as Xd is not normalized. How-
ever, the elements of the equipment-value chain downstream
cutoff matrix, XV

d ðfzgÞ, are not normalized by the total output
of the destination activity in the P2P model. The relevant flows
are labeled in Figure 5.

Model disaggregation

The multiscale nature of the system in Figure 3 leads to
inevitable overlap between models. Because the economy
scale represents an entire economy, and the value chain and
equipment scales represent systems that operate within that
economy, activity models and process models are captured by
models of corresponding sectors. It is also possible for process
models to be similarly captured by value chain activity mod-
els. In this situation, the smaller scale models are represented
twice in the P2P modeling framework—once explicitly and
once implicitly—leading to the smaller scale’s technological
and environmental exchanges being counted twice. The inputs
and outputs of sector �S3 in Figure 6a, for instance, also contain
inputs and outputs of activity S4. To avoid double-counting,
the parent component is split into two or more subcomponents:
the constituent component(s) that are modeled separately at the
smaller scale(s), and the remainder of the parent component
which remains as part of the parent scale model.

In Figure 6a, S4 represents constituent value chain activi-
ty(ies) and �S3 represents the parent industrial sector such that
S4 2 �S3. Figure 6b illustrates the system after disaggregation;
�S3� , the adjusted sector, represents the remainder of �S3. The
relationship between �S3, �S3� , and S4 is

�S3 ¼ �S3� [ S4 (18)

As an example, suppose �S3 represents the power generation
sector and S4 represents a coal electricity generating activity,
for which more detailed empirical data is available. To model
�S3 and S4 without overlap, the power generation sector is
divided into a coal-burning electricity generation activity S4

and all other electricity generating activities, �S3� . S4 is then
modeled separately from the EEIO model at the value chain
scale using the more detailed data.

Suppose that S4 also has a constituent process, S7 (not
shown in Figure 6). Two disaggregations would be needed in
this case, one for �S3� and one for S4� ; the relationship between
�S3 and its constituents is expressed as

�S3 ¼ �S3� [ S4� [ S7 (19)

where S4 in Eq. 18 has been disaggregated as follows

S4 ¼ S4� [ S7 (20)

Standalone components that do not overlap with any larger
scale system component are less common than constituent
components. Standalone processes may represent newly devel-
oped technology that cannot be classified into existing sectors
or value chain activities. Value chain activities that are stand-
alone can arise from recently implemented commercial tech-
nologies not represented in the EEIO model, which is derived
from economic data that may be several years out of date. In
Figure 6, S5 is a standalone activity. S5, like the constituent
activity S4, interacts with other system components, but as it
does not have a parent component no disaggregation need be
performed.

Figure 5. Upstream and downstream cutoff matrices
shown as flows connecting system compo-
nents at different scales.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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Disaggregation is performed by subtracting the inputs and
outputs of the constituent components from the inputs and out-
puts of the parent component, leaving only those flows that are
both produced and consumed at the parent scale in the parent
scale model. The disaggregation of �S3 and �S2 shown in Figure
6 is accomplished by subtracting off flows originating in the
constituent components

�x3�5 ¼ �x352p y
45

(21)

�x2�5 ¼ �x252py65 (22)

in which x refers to flows in monetary units and y to flows in
physical units. The terms p and p represent the unit market pri-
ces of flows y

kl
and ymn, respectively and are used to convert

the physical flows into monetary units

xkl ¼ p
kl

y
kl

(23)

Price data for equipment scale flows, pmn, is used
analogously

xmn ¼ pmnymn (24)

Although products at the value chain and equipment
scales may be the same, value chain price data is averaged
over a set of products while equipment scale price data is
specific to the product of the process being modeled.
Returning to the example of coal electricity generation,
the value chain scale price of coal electricity is averaged
over all coal-burning power plants in a particular region,
while the equipment scale price is specific to a single

power plant. Environmental interventions are similarly

disaggregated:

�b3� ¼ �b32b4 (25)

Manual disaggregation, as shown in Eqs. 21–25, becomes

complex and time-consuming when multiple parent compo-

nents, each with multiple constituents, exist at various

scales. A more efficient way to disaggregate the economy

and value chain models is through the make and use matri-

ces discussed in the Background section. Rows of the use

matrices correspond to commodities at the economy scale

and to products at the value chain and equipment scales;

columns of the use matrices correspond to sectors, activ-

ities, or processes. Dimensions of the use matrices are as

follows: U is I 3 J, U is K 3 L and U is M 3 N. Make

matrix rows correspond to system components and columns

to commodities, value chain products or individual prod-

ucts; the dimensions of the make matrices are J 3 I for V,

L 3 K for V and N 3 M for V.44 Price data at the value

chain and equipment scales is used to convert product flows

to commodity flows at the economy scale. Also required is

information on the relationships between all constituent and

parent components and their products.35 Definitions for pre-

viously undefined matrices appearing in the following equa-

tions are given in Table 6.
The disaggregated economy scale make and use matrices

V
�ðfzgÞ and U

�ðfzgÞ are defined as

V
�ðfzgÞ ¼ V2 p̂ðPPÞTVðPFÞT2p̂ðPE

PÞ
T
VðfzgÞðPE

FÞ
T

(26)

Figure 6. When smaller scale system components overlap with larger scale components as shown on the left, the
parent components ( �S3 and �S2) must be disaggregated into constituent activities and/or processes (S4

and S6), which are modeled in detail at smaller scales, and adjusted components ( �S3* and �S2* ), which
remain in the original parent model as shown on the right.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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U
�ðfzgÞ ¼ U2 p̂PFUPP1 p̂PFXd1XuPP

� �
2 p̂PE

FUðfzgÞPE
P1p̂PE

FXE
d ðfzgÞ1XE

u ðfzgÞPE
P

� � (27)

in which
PF ¼ fp

F
g

p
Fik
¼

1 if value chain product k belongs to the product set represented by commodity i

0 otherwise

8<: (28)

PP ¼ fp
P
g

p
Plj
¼

1 if value chain activity l is constituent to sector j

0 otherwise

8<: (29)

PE
F ¼ fpE

Fg

pE
Fim ¼

1 if product m belongs to the product set represented by commodity i

0 otherwise

8<: (30)

PE
P ¼ fpE

Pg

pE
Pnj ¼

1 if process n is constituent to sector j

0 otherwise

8<: (31)

The permutation matrices defined in Eqs. 28–31 contain
information on the relationships between parent sectors and
their commodities, and constituent activities and processes and
their products. These matrices along with price data vectors p

and p are used to “translate” flows in the various make and use
matrices from one scale to another. Superscripts on the equip-
ment scale permutation matrices in Eqs. 30 and 31 are used to
specify the scale to which flows are being translated. PE

F for
instance relates equipment scale products to economic (E)
commodities, while PV

F in Eq. 34 relates the same equipment
scale products to value chain (V) products. Value chain scale

permutation matrices all relate the value chain scale to the

economy scale, thus no additional superscripts are required as

seen in Eqs. 28 and 29. Note that in Eqs. 26 and 27, the origi-

nal value chain make and use matrices are used rather than the

disaggregated matrices. This is because, in the situation that a

sector-constituent activity also has an activity-constituent pro-

cess, removing the undisaggregated activity from the parent

sector also removes the activity-constituent process.

Disaggregation of the value chain scale make and use matrices

to V�ðfzgÞ and U�ðfzgÞ is analogous to the economy scale

V�ðfzgÞ ¼ V2p̂ðPV
PÞ

T
V fzgð ÞðPV

FÞ
T

(32)

U�ðfzgÞ ¼ U2p̂PV
FU fzgð ÞPV

P2p̂PV
FXV

d ðfzgÞ2XV
u ðfzgÞPV

P (33)

in which PV
F ¼ fpV

Fg

pV
F km ¼

1 if product m belongs to the product set represented by value chain product k

0 otherwise

8<: (34)

PV
P ¼ fpV

Pg

pV
P nl ¼

1 if process n is constituent to value chain activity l

0 otherwise

8<: (35)

Readers familiar with integrated hybrid LCA will notice

similarities between Eqs. 26, 27, 32, and 33 and Eqs. A6 and

A7 in [35]. The first two terms in Eqs. 26 and 27 are identical

to the disaggregation equations, A7 and A6, respectively,

used in integrated hybrid LCA. The final terms in 26 and 27

deal with fundamental models at the engineering scale. As

discussed previously, the equipment scale models are depend-

ent on design variables fzg; through the disaggregation pro-

cess, fzg is propagated to the economy scale model,

introducing design variables and nonlinearities to this
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previously fixed, linear model. As a result, the disaggregated
economy scale model is dependent on unit operation design
variables. Equations 32 and 33 are directly analogous to A7
and A6, although they are applied to the value chain technol-
ogy matrices and once again introduce variables and nonli-
nearities from the equipment scale models.

To summarize, the disaggregated make and use matrices
represent production and consumption that takes place within
one particular scale. All of the terms subtracted from the origi-
nal make and use matrices represent products or commodities
that are produced and/or consumed by constituent components
at other scales. Table 2 gives the physical interpretation of
each factor in Eqs. 26, 27, 32, and 33.

Environmental interventions for the parent components must be
disaggregated as well to avoid counting the interventions of both
the parents and constituents. The interventions matrix used in
EEIO models, B, is normalized to the total output of each sector,
as discussed in Input–Output Analysis section of the Background;
B thus represents the average environmental interventions per dol-
lar for all processes and activities that comprise a particular sector.
In order to disaggregate the interventions correctly, the calculation
must be done relative to the total interventions that have not been
normalized by sector output. R denotes the total interventions
matrix for the economy scale. The value chain interventions B are
not normalized by total activity output but represent total environ-
mental interventions for the level of production specified in the
activity model. The disaggregated economy scale environmental
interventions matrix B

�ðfzgÞ is calculated from data in the origi-
nal and disaggregated make matrices

R
�ðfzgÞ ¼ R2BPP2BðfzgÞPE

P (36)

b
�

jðfzgÞ ¼
1

ðV�TðfzgÞ1Þj
r�ðfzgÞj; j ¼ 1 . . . J (37)

Taking the transpose of the matrix before multiplying by 1,
as in Eq. 37, produces a vector of row sums. The vector
V
�TðfzgÞ1, therefore, contains total outputs by sector after dis-

aggregation. ðV�TðfzgÞ1Þj refers to the jth element in
V
�TðfzgÞ1, which is the total output of disaggregated sector j.

r�j ðfzgÞ and rj similarly refer to the jth column of the disag-
gregated and total interventions matrices R

�ðfzgÞ and R,
respectively. The disaggregated value chain scale interven-
tions matrix B�ðfzgÞ is calculated similarly

B�ðfzgÞ ¼ B2B fzgð ÞPV
P (38)

Note that because V
�ðfzgÞ and V�ðfzgÞ are dependent on

unit operation design variables through the disaggregation cal-
culations, B

�ðfzgÞ and B�ðfzgÞ are also dependent on the unit
operation design variables.

The disaggregated economy scale make and use matrices
are used to calculate the disaggregated direct requirements
matrix as in Eq. 5

A
�ðfzgÞ ¼ U

�ðfzgÞ V
�TðfzgÞ

� �21

(39)

If the make and use matrices are rectangular due to the num-
ber of commodities and sectors not being equal, A

�ðfzgÞ is
calculated by solving

A
�ðfzgÞV�TðfzgÞ d

V
�ðfzgÞ1

� �21

¼ U
�ðfzgÞ d

V
�ðfzgÞ1

� �21

;

(40)

a system of linear equations in which V
�TðfzgÞ1 is the vector

of total sector outputs after disaggregation, x�ðfzgÞ, and all
matrices are known except for A

�ðfzgÞ. 1 denotes a vector of
all 1’s; multiplication by 1 produces a vector of row sums.
The quantity V

�TðfzgÞ1 is then a vector of column sums of
V
�
. The solutions to Eqs. 39 and 40 are equivalent when the

make and use matrices are square and for the same values of
ðfzgÞ.

The disaggregated value chain technology matrix X�ðfzgÞ
is calculated from the matrix difference of V�ðfzgÞ and
U�ðfzgÞ

Table 2. Explanation of Factors Involved in Economy and Value Chain Model Disaggregations Given in

Eqs. 26, 27, 32, and 33

Factor Description

Equation 26
V Economy scale make matrix: commodities produced by sectors
p̂ ðPPÞTVðPFÞT Products produced by sector-constituent value chain activities, calculated from value chain scale make matrix V

p̂ðPE
PÞ

T
VðfzgÞðPE

FÞ
T

Products produced by sector-constituent processes, calculated from equipment scale make matrix VðfzgÞ
Equation 27
U Economy scale use matrix: commodities consumed by sectors
p̂PFUPP Products consumed and produced by sector-constituent activities, calculated from value chain scale use matrix U

p̂PFXd Products consumed by sectors and produced by sector-constituent activities, calculated from value chain scale down-
stream cutoff matrix Xd

XuPP Products consumed by sector-constituent activities and produced by sectors, calculated from value chain scale upstream
cutoff matrix Xu

p̂PE
FUðfzgÞPE

P Products consumed and produced by sector-constituent processes, calculated from equipment scale use matrix UðfzgÞ
p̂PE

FXE
d ðfzgÞ Products consumed by sectors and produced by sector-constituent processes, calculated from equipment-economy down-

stream cutoff matrix XE
d ðfzgÞ

XE
u ðfzgÞPE

P Products consumed by sector-constituent processes and produced by sectors, calculated from equipment-economy
upstream cutoff matrix XE

u ðfzgÞ
Equation 32
V Value chain scale make matrix (not disaggregated): commodities produced by activities
p̂ðPV

PÞ
T
VðfzgÞðPV

FÞ
T

Products produced by activity-constituent processes, calculated from equipment scale make matrix VðfzgÞ
Equation 33
U Value chain scale use matrix (not disaggregated): commodities consumed by activities
p̂PV

FUðfzgÞPV
P Products consumed and produced by activity-constituent processes, calculated from equipment scale use matrix UðfzgÞ

p̂PV
FXV

d ðfzgÞ Products consumed by activities and produced by activity-constituent processes, calculated from equipment-value chain
downstream cutoff matrix XV

d ðfzgÞ
XV

u ðfzgÞPV
P Products consumed by activity-constituent processes and produced by activities, calculated from equipment-value chain

upstream cutoff matrix XV
u ðfzgÞ
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X�ðfzgÞ ¼ V�TðfzgÞ2U�ðfzgÞ (41)

Integrating component models

Following disaggregation, the component models, listed
and defined in Table 3, are integrated into a single P2P trans-
actions matrix XðfzgÞ and a P2P environmental interventions
matrix BðfzgÞ, both shown in Table 4. XðfzgÞ captures flows
within and between the sectors, activities, and processes. Each
row corresponds to a particular commodity or product that is
produced and consumed within the system, and each column
corresponds to one system component and includes upstream
cutoff, downstream cutoff, and intrascale exchanges. BðfzgÞ
captures exchanges between the P2P system and the environ-
ment; each row corresponds to one environmental intervention
such as a particular type of emission or a natural resource, and
each column corresponds to one system component.

The P2P transactions matrix functions analogously to the
direct requirements matrix of input–output analysis or
the technology matrix of process life cycle assessment, with
some key differences. Both A and X represented systems that
were assumed to scale linearly, and both system models were
multiplied by a vector of scaling factors (x and s, respectively)
determined from the final demand or functional unit vector,
in order to calculate system-wide environmental interventions.
XðfzgÞ will also be multiplied by a scaling vector, although
because the equipment scale models represent individual proc-
esses, they cannot be assumed to scale linearly. The P2P scal-
ing vector is defined as

s ¼

s

s

s

2664
3775 (42)

and consists of three subvectors, each of which correspond to
the models at one scale of the system. s has the same interpre-
tation as the throughput vector x of input–output analysis and
scales the economic sector models as well as the value chain
and equipment-economy downstream cutoff flows. s scales
the value chain activities, the value chain upstream cutoffs and
the equipment-value chain downstream cutoffs. Both s and s

are standard, linear scaling vectors because the economic sec-
tor and activity models are assumed to scale linearly. The last
subvector of s is s, which scales the process models. Due to
the presence of economies of scale, the process models cannot
be assumed to scale linearly; accordingly, the elements of s

will in general be nonlinear, for instance s0.7. To avoid finding
the exact form of each element of s, s can also be fixed in
order to fix the scale of the process models at whatever scale is
represented in the process models HðfzgÞ.

The complete multiscale P2P modeling framework consists
of a set of mass, energy, and monetary balance equations on
the system’s commodities and products

I2A
�ðfzgÞ 2XuðfzgÞ 2XE

u ðfzgÞ

2AdðfzgÞ X�ðfzgÞ 2XV
u ðfzgÞ

2AE
d ðfzgÞ 2XV

d ðfzgÞ XðfzgÞ

2664
3775

s

s

s

2664
3775 ¼

f

f

f

2664
3775 (43)

which is more compactly written as

XðfzgÞs ¼ f (44)

and a set of fundamental models for processes at the equip-
ment scale

H fzgð Þ � 0 (45)

that are specified externally to XðfzgÞ as discussed previously.
Equation 44 constrains the variable elements of s such that net

Table 3. System Component Models to be Included in the P2P Modeling Framework

Scale Component Description

Economy A
�ðfzgÞ Disaggregated direct requirements matrix

B
�ðfzgÞ Disaggregated economy scale environmental interventions

f Final demand from economy (generally zero)
s Sector scaling vector (variable, analogous to throughput vector x)

Value chain X�ðfzgÞ Disaggregated value chain model
XuðfzgÞ Value chain upstream cutoff matrix
AdðfzgÞ Normalized value chain downstream cutoff matrix
B�ðfzgÞ Disaggregated value chain environmental interventions
f Final demand from value chain (generally zero)
s Value chain activity scaling vector (variable)

Process XðfzgÞ Equipment model matrix

XE
u ðfzgÞ Equipment-economy upstream cutoff matrix

XV
u ðfzgÞ Equipment-value chain upstream cutoff matrix

AE
d ðfzgÞ Normalized equipment-economy downstream cutoff matrix

XV
d ðfzgÞ Equipment-value chain downstream cutoff matrix

BðfzgÞ Equipment environmental interventions

f Final demand from equipment scale process(es)

s Equipment scale scaling vector (variable or fixed)

Unit operation HðfzgÞ Unit operation models external to XðfzgÞ

Table 4. P2P Transactions Matrix XðfzgÞ and Environmental

Interventions Matrix BðfzgÞ

X ðfzgÞ

I – A
�ðfzgÞ – XuðfzgÞ – XE

u ðfzgÞ
– AdðfzgÞ X�ðfzgÞ – XV

u ðfzgÞ
– AE

d ðfzgÞ – XV
d ðfzgÞ XðfzgÞ

B ðfzgÞ

B
�ðfzgÞ B�ðfzgÞ BðfzgÞ
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production of each commodity, value chain product and equip-

ment scale product is equal to the final demand placed on the

entire system. Equation 44 also forms one set of constraints on

the design variables fzg, which are further constrained by the

fundamental models in Equation 45.

Demonstration of the P2P Modeling Framework
with a Toy Example

In this section, a toy system is used to demonstrate the data

and calculations involved in representing a system using the

P2P modeling framework. As each component model used to

represent the toy system is presented, the use of the model in

conventional sustainability analysis and design methodologies

such as EEIO analysis, life cycle assessment, and sustainable

process design is discussed. The objective of the comparison

is to demonstrate that the P2P framework relies on the same

data and models as these conventional approaches. The frame-

work establishes a rigorous, systematic method for integrating

already established models, and available data into one cohe-

sive model.
The toy P2P system consists of a two-sector economy, two

value chain activities, and two processes. Each process

involves two unit operation variables and several fundamental

model equations. Both sectors are parent sectors; one sector

has a constituent activity and the other has a constituent pro-

cess. Neither of the value chain activities are parent activities,

thus only the economy scale needs to be disaggregated. The

structure of the system, including all exchanges between com-

ponents and all parent–constituent relationships, is shown in

Figure 7.

Economy model

Sectors 1 and 2, �S1 and �S2 in Figure 7, are modeled with an

EIO model. Commodity exchanges between �S1 and �S2 are cap-

tured in monetary units by the following make and use

matrices

V ¼
$500 0

0 $700

" #
(46)

U ¼
$150 $200

$300 $100

" #
(47)

For this example, U and V are given in dollars; note that

input–output tables are commonly specified in millions of dol-

lars. The elements of V are interpreted as commodity flows

from producing sectors; the elements of U are interpreted as

commodity flows to consuming sectors. For instance, the

(1,1)th element of V is $500, indicating that Sector 1 produces

$500 worth of Commodity 1. The (1,1)th element of U is $150

and the (1,2)th element is $200, indicating that of the $500
worth of Commodity 1 that Sector 1 produced, $150 worth
was consumed by Sector 1 and $200 worth was consumed by
Sector 2. These flows are indicated by the arrows in Figure 7
that originate at �S1 and terminate at �S1 and �S2, respectively.

Environmental data for the economy is given in the environ-
mental interventions matrix B

B ¼ 0:40 0:20½ � (48)

which captures the exchange of flows between the economic
sectors and the environment. In this system, only one environ-
mental intervention is considered. The elements of B have
units of mass per dollar and are interpreted as the mass of
some flow emitted to the environment per dollar of economic
activity in each sector.

In order to perform the disaggregation procedure, data on
total environmental interventions, the matrix R, is required.
Unlike the data in B, which is normalized by each sector’s
total output, R gives unnormalized flows of environmental
interventions for each sector. For this economic system, R is
as follows

R ¼ 200 140½ � (49)

The elements of R are interpreted as the total amount of
environmental intervention generated by each sector during
the time period represented in U and V. Note that dividing
each element of R by the total sector output (diagonal ele-
ments of V) returns the original environmental interventions
matrix, B

Rx̂
21 ¼ 200 140½ �

500 0

0 700

" #21

¼ 0:40 0:20½ � (50)

If only one of R and B is known, Eq. 50 can be used to
obtain the other.

EEIO model

Given the data in Eqs. 46–48, an EEIO model can be
derived. The direct requirements matrix is obtained from the
make and use matrices according to Eq. 5

A ¼ UðVTÞ21 ¼
0:30 0:29

0:60 0:14

" #
(51)

A is used to derive the Leontief inverse ðI2AÞ21
and calcu-

late the total economic activity x required to produce an arbi-
trary final demand f

x ¼ ðI2AÞ21
f ¼

0:70 20:29

20:60 0:86

" #21

f (52)

B and the Leontief inverse of Eq. 52 are used to calculate
the total environmental interventions g generated as a conse-
quence of producing f

g ¼ BðI2AÞ21
f ¼ 0:40 0:20½ �

0:70 20:29

20:60 0:86

" #21

f

(53)

This EEIO model is used in macroscale or top-down analy-
ses such as policy analysis and input–output LCA. It is also
used in combination with process life cycle models in hybrid
LCA.

Table 5. Submatrices Required to Assemble the P2P Trans-

actions and Interventions Matrices

P2P transactions submatrices

(100) (59) (82)
(61) (54), (55) (81)
(84) (83) (78), (77)

P2P interventions submatrices

(98) (56) (79)
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Table 6. Symbol Definitions

Symbol Description and Units

Input–output analysis
X Transactions matrix used to derive EIO model ($)
v Value added vector ($)
f Final demand vector ($)
A Industry-industry direct requirements matrix (Input-output analysis section); Commodity-commodity direct

requirements matrix (elsewhere)
x Vector of total sector outputs ($)
I Identity matrix with the same dimensions as A

I2A
� �21

Total requirements matrix or Leontief inverse, before disaggregation

B Environmental interventions matrix containing data on R environmental interventions (physical units)
g Inventory vector of R total environmental interventions per sector

U Economy scale use table before disaggregation ($)
V Economy scale make table before disaggregation ($)
Ac Commodity-commodity direct requirements matrix
g Vector of total commodity outputs ($)
e Commodity final demand vector ($)
Process to planet (P2P) modeling framework
�S Economy scale component (sector) of a P2P system
S Value chain scale component (activity) of a P2P system
S Equipment scale component (process) of a P2P system
System component models
x l Value chain activity model (physical units)
X Value chain technology matrix (physical units)
B Value chain scale interventions matrix containing data on R environmental interventions (physical units)
hnðznÞ One fundamental (unit operation) model associated with process n
zn Vector of unit operation variables in process n
xnðznÞ Process input–output vector
fzg Set of unit operation variables for processes 1; . . . ;N
XðfzgÞ Equipment scale technology matrix
HðfzgÞ Set of all fundamental models for processes 1; . . . ;N
BðfzgÞ Equipment scale environmental interventions matrix containing models for R interventions
Interactions between scales
Xu Value chain upstream cutoff matrix containing product flows from the economy to the value chain ($)
Ad Value chain downstream cutoff matrix containing product flows from the value chain to sectors (physical

units, normalized by total output of destination sector)
Xd Value chain downstream cutoff matrix (physical units, not normalized)
XE

u ðfzgÞ Equipment-economy upstream cutoff matrix containing product flows from the economy to processes ($)
XV

u ðfzgÞ Equipment-value chain upstream cutoff matrix: product flows from the value chain to processes (physical
units)

AE
d ðfzgÞ Equipment-economy downstream cutoff matrix: product flows from processes to sectors (physical units,

normalized by total output of destination sector)
XE

d ðfzgÞ Equipment-economy downstream cutoff matrix: products flows from processes to sectors, (physical units,
not normalized)

XV
d ðfzgÞ Equipment-value chain downstream cutoff matrix containing product flows from processes to the value

chain (physical units, not normalized)
Model disaggregation
U Value chain scale use matrix before disaggregation (physical units)
U Equipment scale use matrix (physical units)
V Value chain scale make matrix before disaggregation (physical units)
V Equipment scale make matrix (physical units)
V
�ðfzgÞ Economy scale make matrix after disaggregation ($)

U
�ðfzgÞ Economy scale use matrix after disaggregation ($)

PF Value chain function permutation matrix relating value chain products to commodities (unitless)
PP Value chain activity permutation matrix relating constituent value chain activities to parent sectors

(unitless)
PE

F Equipment-economy function permutation matrix relating equipment scale products to commodities
(unitless)

PE
P Equipment-economy process permutation matrix relating constituent processes to parent sectors (unitless)

p Vector of value chain product prices
p Vector of equipment scale product prices
V�ðfzgÞ Value chain scale make matrix after disaggregation (physical units)
U�ðfzgÞ Value chain use matrix after disaggregation (physical units)
PV

P Equipment-value chain process permutation matrix relating constituent processes to parent value chain
activities (unitless)

PV
F Equipment-value chain function permutation matrix relating equipment scale products to value chain prod-

ucts (unitless)
A
�ðfzgÞ Direct requirements matrix after disaggregation

X�ðfzgÞ Value chain technology matrix after disaggregation (physical units)
R Economy scale total interventions matrix containing data on R environmental interventions (physical

units)
B
�ðfzgÞ Economy scale interventions matrix after disaggregation (physical units)

R
�ðfzgÞ Economy scale total interventions matrix after disaggregation (physical units)

B�ðfzgÞ Value chain scale interventions matrix after disaggregation (physical units)
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Value chain model

Product exchanges at the value chain scale are typically in

mixed physical units and of smaller magnitude than economy

scale exchanges. Although the value chain products may be

represented in different units, the exchanges of a particular

product are always in consistent units. The value chain scale

of the toy system, S1 and S2 in Figure 7, is represented by the

make and use matrices V and U

V ¼
35 0

0 50

" #
(54)

U ¼
15 8

5 10

" #
(55)

The value chain environmental interventions matrix B for

this system is defined as

B ¼ 8 5½ � (56)

Unlike the economic system, the value chain has only one

interventions matrix that is not normalized.

Process LCA

In process LCA, Eqs. 54 and 55 are used to derive the tech-

nology matrix X, as follows

X ¼ VT2U ¼
35 0

0 50

" #
2

15 8

5 10

" #
¼

20 28

25 40

" #
(57)

Columns of X are models of the individual activities: activ-

ity 1 (Column 1 of X) consumes 5 units of Product 2 and 15

units of Product 1 for every 35 units of Product 1 it produces.
The inventory vector g for the production of the functional

unit f is then calculated by applying Eq. 9

g ¼ BX21 f ¼ 8 5½ �
20 28

25 40

" #21

f (58)

Value chain cutoff flows

As seen in Figure 7, both value chain activities have inputs

that are modeled as upstream cutoff flows rather than

exchanges at the value chain scale. The upstream cutoff flows

are defined for the toy system as

Xu ¼
0 $20

$12 0

" #
(59)

Note that these cutoff flows are in monetary units rather
than the physical units of the make and use matrices. In prac-
tice, the upstream cutoff flows must be converted to monetary
units using the market prices of each input.

In addition to drawing inputs from the economy, Activity 1
provides a product to Sector 1. This output is a value chain
downstream cutoff flow defined for the system in Figure 7 as

Xd ¼
8 0

0 0

" #
(60)

After normalization by the total output of the destination
sector, Eq. 60 becomes

Ad ¼
8

$500
0

0 0

24 35 (61)

In Figure 7, the arrow originating at S1 and terminating at
�S1 represents this downstream cutoff flow.

Table 6. Continued

Symbol Description and Units

Integrating component models
f Final demand from economy scale of P2P system (generally zero, $)
s Economy scale scaling vector
f Final demand from value chain scale of P2P system (generally zero, physical units)
s Value chain scale scaling vector
f Final demand from equipment scale of P2P system (physical units)
s Equipment scale scaling vector (elements may be non-linear or fixed)

X ðfzgÞ Multiscale P2P transactions matrix

B ðfzgÞ Multiscale P2P environmental interventions matrix

s P2P scaling vector

f Final demand from P2P system

Figure 7. The toy system modeled in demonstration of
the P2P modeling framework with a toy
example consists of two parent sectors, two
nonparent value chain activities and two
processes.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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Tiered hybrid LCA

Hybrid life cycle inventories are compiled from data on

value chain upstream cutoffs, along with economy and value
chain make, use and interventions matrices. The functional

unit for a hybrid inventory is defined at the value chain scale
(f ), and contributions from the economy scale are calculated

by treating the upstream cutoff flows as final demand on the
economic system. For a basic or tiered hybrid LCA, the hybrid

inventory vector gt is calculated by adding the value chain
inventory vector and the economy inventory vector, as

follows32,34,36

g
t
¼ g1g ¼ BX21 f1BðI2AÞ21

f

¼ 8 5½ �
20 28

25 40

24 3521

f1 0:40 0:20½ �
0:70 20:29

20:60 0:86

24 3521

f

(62)

where

f ¼
$20

$12

" #
(63)

Note that the data in Eq. 59 and in Eq. 63 is the same. The
interpretation is largely the same as well. Equation 59 says

that Activity 1 draws $12 worth of input from Sector 2 and
that Activity 2 draws $20 worth of input from Sector 1. Equa-

tion 63 says only that $20 worth of input to the value chain is
drawn from Sector 1 and $12 worth of input to the value chain

is drawn from Sector 2; the exact destination of the inputs is
not specified.

Integrated hybrid LCA

While tiered hybrid LCA accounts only for upstream cut-
offs, the more advanced hybrid LCA methods such as inte-
grated hybrid LCA include downstream cutoffs as well.35 This

is accomplished using the economy and value chain models to
construct a hybrid transaction matrix X i and a hybrid interven-

tions matrix B i analogous to those in Table 4

X i ¼
I2A

�
2Xu

2Ad X

" #
(64)

B i ¼ B
�

B
� �

(65)

in which A
�

has been disaggregated according to Eqs. 26 and
27, and B

�
has been calculated from the disaggregated total

interventions matrix according to Eqs. 36 and 37, with the
equipment scale terms neglected in both calculations. Because

the equipment scale is neglected, both matrices contain only
constant terms and, assuming X i to be square, Eq. 9 is used to

calculate the integrated hybrid inventory vector

g
i
¼ B iX

21

i f i (66)

Equipment scale models

Each process at the equipment scale represents a unit opera-

tion; Process 1 is a reactor and Process 2 is a heat exchanger.
Process 2 heats the stream that enters Process 1 to be reacted,

thus the two sets of process models are dependent on one
another. Each process is controlled by two unit operation vari-
ables. In Process 1, z11 is the initial concentration of the reac-

tive component in the stream entering Process 1, and z12 is the

volumetric flow rate of that stream. In Process 2, z21 is the
mass flow rate of the stream entering Process 1 and z22 is the
final temperature of that stream. z12 and z21 are related to each
other proportionally. Models h1ðz11; z12; z21Þ for process 1
impose constraints on z11, z12, and z21 and are defined as

h11ðz12; z21Þ : z1220:129z21 ¼ 0 (67)

h12ðz11; z12Þ :
z11z12

7
12

z12

7

� �
20:12 � 0 (68)

h13ðz11; z12Þ : 2
z11z12

7
12

z12

7

� �
� 0 (69)

h14ðz11Þ : z1120:8 � 0 (70)

h15ðz11Þ : 0:32z11 � 0 (71)

For Process 2, models h2(z21, z22) impose constraints on z21

and z22 and are defined as

h21ðz21; z22Þ : 4:2z21ðz222104Þ23000:0 � 0 (72)

h22ðz21Þ : 142z21 � 0 (73)

h23ðz21Þ : z21250 � 0 (74)

h24ðz22Þ : 1202z22 � 0 (75)

h25ðz22Þ : z222140 � 0 (76)

To incorporate the equipment scale models into the P2P
framework, the inputs and outputs of Processes 1 and 2 must
be represented in make, use, and interventions matrices. While
these matrices are derived from the process model equations,
the process models h1ðz11; z12; z21Þ and h2ðz21; z22Þ are not
duplicated verbatim. The process models contain information
on how unit operations within each process function. In con-
trast, the make, use and interventions matrices contain infor-
mation on exchanges between the processes and between the
processes and the environment, as follows

UðfzgÞ ¼

z12 0

0 0

0 0

2664
3775 (77)

VðfzgÞ

¼
0 z12ðz112

z11z12

7
12

z12

7

� �
Þ z12ð

z11z12

7
12

z12

7

� �
Þ

0:129z21 0 0

24 35
(78)

The elements of UðfzgÞ and VðfzgÞ are obtained from
knowledge of how S1 and S2 are connected by process
streams. z12 is the (1,1)th element of UðfzgÞ because, as
described above, z12 is the volumetric flow rate of the stream
entering S1 from S2, shown in Figure 7. Its placement in the
1st row indicates that this stream consists of Product 1. In a
similar manner, the (1,2)th and (1,3)th elements of VðfzgÞ are
the flow rates of the streams out of S2 (not shown in Figure 7,
as they do not terminate at another system component). These
two quantities are kept separate rather than being summed
into one matrix element because they consist of different
products.

Environmental interventions data is combined with the
information in Eqs. 67–76 to produce the equipment scale
environmental interventions matrix

BðfzgÞ ¼ 1:78z12

z11z12

7
12

z12

7

� �� �
1:4z1212:0z22

h i
(79)
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The first element of BðfzgÞ specifies that 1.78 units of envi-

ronmental intervention are generated for each unit of the

stream leaving S2. This could be due to disposal activities, or

the stream could simply be emitted to the environment. The

quantity, 1.78 units, is the data used to obtain equipment scale

environmental interventions models. Similarly, the second

term of BðfzgÞ is the scaled sum of z12, a volumetric flow rate,

and z22, a temperature. The factors that scale the variables

could represent environmental interventions due to energy

required to pump liquid (z12) and to heat the stream (z22).

Process, product, and supply chain design

Equations 67–76, with the addition of cost data, would be

used in traditional process, supply chain, and product design.

The process models would be optimized on one or more of the

unit operation design variables to maximize some economic

objective function, as follows

maximize

$0:65z12

z11z12

7
12

z12

7

� �� �
2$0:45z121$0:074z21ðz222104Þ

subject to

z1220:129z21 ¼ 0

z11z12

7
12

z12

7

� �
20:12 � 0

2
z11z12

7
12

z12

7

� �
� 0

z1120:8 � 0

0:32z11 � 0

4:2z21ðz222104Þ23000:0 � 0

142z21 � 0

z21250 � 0

1202z22 � 0

z222140 � 0

(80)

The exact form of the objective function could represent

annualized profits, NPV, or another process economics-related

quantity.

Equipment scale cutoff flows

The production of several inputs to Processes 1 and 2 are

modeled at the value chain or economy scales rather than the

equipment scale. Just as value chain upstream cutoffs could

alternatively be represented as exchanges within the value

chain scale, equipment scale upstream cutoffs could be mod-

eled as exchanges within the equipment scale. However, doing

so would require that fundamental engineering models be

available for the production of each product, which in general

is not the case and additionally leads to a complex and possi-

bly intractable model. Modeling the production of some inputs

at larger, coarser scales reduces the amount of information

required to build the P2P model and also reduces the model

size, at the cost of decreased accuracy and specificity.
The equipment-value chain upstream cutoff matrix is

defined as

XV
u ðfzgÞ ¼

0:79z12 0

0 0:129z21

" #
(81)

and the equipment-economy upstream cutoff matrix is defined

as

XE
u ðfzgÞ ¼

$0:45z12 $0:074z21ðz222104Þ

0 0

" #
(82)

The flows in Eq. 81 are in mixed physical units and the

flows in Eq. 82 are in monetary units. Although both processes

receive inputs from the two larger scales as indicated by Eqs.

81 and 82, no equipment scale products are sold back to the

system, thus both downstream process cutoff matrices consist

of all zeros

XV
d ¼

0 0

0 0

" #
(83)

XE
d ¼

0 0

0 0

" #
(84)

P2P model

All flows shown in Figure 7 between the system compo-

nents have now been defined. The value chain and economy

scales must now be disaggregated. Further information on the

relationship between parent and constituent components as

well as price data is needed to perform the disaggregation. In

the toy system, both economic sectors are parent sectors. �S1

has one constituent activity, and �S2 has one constituent pro-

cess. The remaining activity and process are both standalone.

From this information, the economy scale flows can be disag-

gregated to remove the flows corresponding to the constitu-

ents. The value chain flows need not be disaggregated,

because neither value chain activity has a constituent process.

Equations 85 and 86 define the permutation matrices that

relate the constituent activity S2 to its parent sector �S1

PF ¼
0 0

1 0

" #
(85)

PP ¼
0 0

1 0

" #
(86)

The location of the 1 in Eq. 85 indicates that value

chain Product 2 (1 is in the second column) belongs to

commodity 1 (1 is in the first row). Equation 86 indicates

that S2 (1 is in the second row) is constituent to �S1 (1 is

in the first column).
Just as there were two sets of upstream and downstream

process cutoff matrices, there are also two sets of equipment

scale permutation matrices. In this system, products at the

equipment scale do not correspond to value chain products,

thus the equipment-value chain product permutation matrix

consists of all zeros

PV
F ¼

0 0

0 0

0 0

2664
3775 (87)
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Equipment scale Product 1 belongs to Commodity 2, as
indicated by

PE
F ¼

0 0 0

1 0 0

" #
(88)

Finally, S1 is constituent to �S2

PE
P ¼

0 1

0 0

" #
(89)

but is not constituent to either S1 or S2

PV
P ¼

0 0

0 0

" #
(90)

Equations 47–89 contain most of the information necessary
for the disaggregation procedure. However, the value chain
and equipment scale models are in physical units, while the
economy scale model is in monetary units. Price data at both
the value chain and equipment scales are required in order to
translate flows from one scale to another. This price data is
given for the value chain products in Eq. 91 and for the equip-
ment scale products in Eq. 92

p ¼ $4 $6½ � (91)

p ¼ $9 $5½ � (92)

The adjusted use matrix U
�

is calculated from Eq. 27

U
�ðfzgÞ ¼ U2ð p̂ PFUPP þ p̂PFXd þXuPPÞ2

�
p̂PE

FUðfzgÞPE
P þ p̂PE

FXE
d ðfzgÞ þ XE

u ðfzgÞPE
P

�
¼

$150 $200

$300 $100

24 352

$4 0

0 $6

24 35 0 1

0 0

24 35 15 8

5 10

24 35 0 0

1 0

24 35þ $4 0

0 $6

24 35 0 1

0 0

24 35 8 0

0 0

24 35þ 0 $20

$12 0

24 35 0 0

1 0

24 350@ 1A

2
$9 0

0 $5

" #
0 0 0

1 0 0

" # z12 0

0 0

0 0

2664
3775 0 1

0 0

" #
þ

$9 0

0 $5

" #
0 0

1 0

" #
0 0

0 0

" #
þ

$0:45z12 $0:074z21ðz222104Þ

0 0

" #
0 1

0 0

" #0BB@
1CCA
(93)

U
� ¼

$90 $20020:45z12

$300 $10025z12

" #
(94)

U
�

represents the use of commodities that are both produced
and consumed at the economy scale.

The adjusted make matrix V
�

is calculated from Eq. 26

V
�ðfzgÞ ¼ V2 p̂ ðPPÞTVðPFÞT2p̂ðPE

PÞ
T
VðfzgÞðPE

FÞ
T

¼
$500 0

0 $700

" #
2

$4 0

0 $y6

" #
0 1

0 0

" #
35 0

0 50

" #
0 0

1 0

" #

2
$9 0

0 $5

" #
0 0

1 0

" #
0 z12ðz112

z11z12

7
12

z12

7

� �
Þ 0

0:129z21 0 0

24 35 0 1

0 0

0 0

2664
3775 (95)

V
� ¼

$300 0

0 $700

" #
(96)

The matrix subtracted from V in Eq. 94 represents products

produced by value chain activities in monetary units, thus V
�

in Eq. 95 represents the total output of the economic sectors

less the output of their constituent activities and processes.
As seen by comparing Eq. 46 with Eq. 95, the disaggregated

economic sectors have a lower total output. This reduction in

total output is also applied to the total interventions matrix R,

as follows

R
� ¼ 200 140½ �2 8 5½ �

1 0

0 1

24 35
¼ 192 135½ �

(97)

R
�

is then normalized to the level of sector output given in
V
�

to calculate the adjusted economy scale interventions
matrix B

�
, as shown in Eq. 97

B
� ¼ 192

300

135

700

� 	
¼ 0:64 0:19½ �

(98)
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The final calculation before combining the three models is
calculating the adjusted total requirements matrix. A

�
, the

adjusted direct requirements matrix, is calculated from U
�

and
V
�

according to Eq. 39 (restated as Eq. 98), as follows

A
� ¼ U

�
V
�T� �21

¼
$90 $20020:45z12

$300 $10025z12

24 35
1

300
0

0
1

700

26664
37775

(99)

A
� ¼

0:30 0:2926:4331024z12

1:00 0:1427:131023z12

" #
(100)

The effects of disaggregation can be seen by comparing Eq.
51 with Eq. 99.

The P2P transactions and interventions matrices shown in
Table 4 can now be assembled from the equations given in
Table 5

XðfzgÞ ¼

0:70 6:4331024z1220:29 0 2$20 2$0:45z12 2$0:074z21ðz222104Þ

21:00 7:131023z1220:14 2$12 0 0 0

2
8

300
0 20 28 20:79z12 0

0 0 25 40 0 20:129z21

0 0 0 0 2z12 0:129z21

0 0 0 0 z12ðz112
z11z12

7
12

z12

7

� �
Þ 0

0 0 0 0 z12ð
z11z12

7
12

z12

7

� �
Þ 0

2666666666666666664

3777777777777777775

(101)

BðfzgÞ ¼ 0:64 0:19 8 5 1:78z12ð
z11z12

7
12

z12

7

� �
Þ 1:4z1212:0z22

h i
(102)

The final component of the P2P model is the set of con-

straints on the unit operation variables, given in Eqs. 67–76.

Discussion and Conclusions

The P2P modeling framework is both detailed, containing

fundamental models of individual processes and unit opera-
tions, and comprehensive, using a coarse EEIO model to cap-

ture national or planetary economic systems. It addresses the
shortcomings of both conventional bottom up sustainable

engineering methods, which fail to capture a sufficiently large
system boundary, and top down sustainability analysis meth-

ods, which cannot capture the effects of small-scale decisions
on the system. The P2P framework is suitable for a wide vari-

ety of sustainable engineering applications, including product
design and supply chain design and analysis. Applications
outside of engineering include economic policy analysis;

because the P2P framework contains detailed models at the
small scale, it can be used to model the effects of policies on

individual plants and supply chains, and vice versa. The
framework can also be used for advanced hybrid life cycle

assessment with nonlinear and fundamental models. Life
cycle optimization can be accomplished by including produc-

tion technology alternatives at the value chain scale and opti-
mizing the entire system. Applications of the framework

currently in progress include sustainable chemical process
design using an ethanol production system as a case study,41

and life cycle design of a renewable energy production sys-
tem considering decision variables in both the biomass con-

version and land use stages.63

There are many extensions and alterations possible for the
P2P framework, most of which involve replacing one type of

model with another at one or more scales. In this work, the

economy scale of the P2P system was represented by an EEIO

model of a national economy; a MRIO model could be used

instead to capture the global economy and account for the

environmental effects of imported and exported goods and

services. Similarly, the EEIO model could be replaced with

the more flexible general equilibrium or partial equilibrium

models to capture the effects of price changes and elasticities

on the P2P system. The use of equilibrium models at the econ-

omy scale would also allow the P2P framework to be used

more effectively for economic policy design and analysis.64

Another economy scale option is the replacement of the EEIO

model with a rectangular choice-of-technology (RCOT) model

that contains alternative technologies for one or more indus-

trial sectors.65 At the value chain scale, the standard model

that contains one activity per primary value chain product can

also be replaced by an RCOT model to allow choosing

between alternative production technologies at a smaller

regional scale. Optimization can then be used to find the opti-

mal P2P structure at the equipment scale, the value chain scale

or the economy scale, or any combination of scales.
The basic concept behind the P2P framework, that of an

input–output-based framework with some nonlinear elements,
can be applied to ecological models as well. Current work
with the P2P framework is integrating the existing framework,
which represents technological and economic systems, with
the framework for technoecological synergy.66 The resulting
technoeconomic-ecological framework will model ecosystems
and their interactions with the technoeconomic system at rele-
vant scales, and can be used to design industrial systems
simultaneously with supporting ecological processes.
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Notation

Annotations

A hatbover a vector denotes diagonalization
A bar over a symbol indicates economy scale: �X
A bar under a symbol indicates value chain scale: X
No bars indicates equipment and unit operation scale: X
Bars over and under a symbol indicates a multiscale model: X
Bold lower-case symbols indicate vectors
Bold upper-case symbols indicate matrices
A superscript star * on a component index indicates the

remainder of a parent component after disaggregation; the
same symbol on a vector or matrix of component models indi-
cates that all parent components in the model have been
disaggregated

Indexes

i = producing sector (Input–output analysis) or Commodity (elsewhere)
j = consuming sector (Input–output analysis) or Sector (elsewhere)
k = value chain product
l = value chain activity

m = equipment scale product
n = equipment scale process

A capital index (I, J, M and so on) indicates the number of
system components of that type.
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